ABSTRACT. Motivated by generalized geometry, we discuss differential geometric structures on the total space TM of the bundle T M ⊕ T * M , where M is a differentiable manifold; TM is called a big-tangent manifold. The vertical leaves of the bundle are para-Hermitian vector spaces. The big-tangent manifolds are endowed with canonical presymplectic, Poisson and 2-nilpotent structures. We discuss lifting processes from M to TM . From the point of view of the theory of G-structures, the structure of a big-tangent manifold is equivalent with a suitable triple (P, Q, S), where P is a regular bivector field, Q is a 2-contravariant symmetric tensor field of the same rank as P and S is a 2-nilpotent (1, 1)-tensor field. The integrability conditions include the annulation of the Schouten-Nijenhuis bracket [P, P ], the annulation of the Nijenhuis tensor N S and conditions that connect between the three tensor fields. We discuss horizontal bundles and associated linear connections with the Bott property. Then, we discuss metrics on the vertical bundle that are compatible with the para-Hermitian metric of the leaves. Together with a horizontal bundle, such metrics may be seen as a generalization of the double fields of string theory with the role of double fields over a manifold. We define a canonical connection and the action functional of such a field.
Introduction
The geometry of the total space of a tangent bundle is of considerable interest in differential geometry and it was the subject of many publications. In the more recent subject of generalized geometry introduced by Hitchin [8] , which is of interest in theoretical physics (e.g., [25] ), the tangent bundle T M of the m-dimensional, differentiable manifold M is replaced by the big tangent bundle TM = T M ⊕ T * M . Accordingly, we investigate the geometry of the total space of a big tangent bundle, called a big-tangent manifold, which we will denote by TM . The name big tangent bundle will refer to either the bundle structure or its total space as indicated by the context. We recall that the bundle TM has a non degenerate, neutral metric and a non degenerate 2-form defined by g(X , Y) = 1 2 (α(Y ) + µ(X)), ω(X , Y) = 1 2 (α(Y ) − µ(X)), (1.1) and the Courant bracket
where calligraphic characters denote pairs X = (X, α), Y = (Y, µ) with X, Y either vectors or vector fields and α, µ either covectors or 1-forms. The structure group of (TM, g) is O(m, m) and generalized geometric structures are defined as reductions of this structure group to various subgroups.
In the paper, we use the typical notation of differential geometry, e.g., like in [9] , and the reader may refer to [12] for the encountered foliation theory notions. For the evaluation of exterior and symmetric products we use Cartan's convention α ∧ β(X, Y ) = α(X)β(Y ) − α(Y )β(X),
etc., without a factor 1/2 in the right hand side. Everything will be C ∞ -smooth (possibly, except along the zero section of a vector bundle).
In Section 2 we show that the leaves of the vertical foliation of a big-tangent manifold are para-Hermitian vector spaces and that the manifold has canonical presymplectic, Poisson, 2-nilpotent and generalized 2-nilpotent structures. Then, we define the vertical and complete lifts of vector fields from M to TM , which are similar to those from M to T M , and new lifts from T M and T * M to TM .
In Section 3 we give the interpretation of the structure of TM as a Gstructure, equivalent to a suitable triple (P, Q, S), where P is a regular bivector field, Q is a 2-contravariant symmetric tensor field of the same rank as P and S is a (1, 1)-tensor field with S 2 = 0. This leads to almost big-tangent manifolds and their integrable case the big-tangent manifolds. We establish the corresponding integrability conditions, which consist of the annulation of the Schouten-Nijenhuis bracket [P, P ], of the Nijenhuis tensor N S and of the Lie derivatives of S with respect to P -Hamiltonian vector fields.
In Section 4 we discuss horizontal bundles. We lift horizontal bundles of the usual tangent manifold to the big tangent manifold, particularly, those defined by regular Lagrangians. Then, we consider the linear connections that have the Bott property known from foliation theory and we show the main properties of the torsion and curvature of these connections.
In Section 5 we discuss metrics and vertical metrics on a big-tangent manifold. We review the canonical connection of foliation theory for the vertical foliation and its curvature properties. Vertical metrics that are compatible with the para-Hermitian metric of the leaves, together with a horizontal bundle, may be seen as a generalization of the notion of double field studied in string theory.
We transfer to this case the para-Hermitian construction of an invariant action of the field given in [23] .
The big tangent manifold
The big tangent manifold TM has dimension 3m, m = dim M . The points of TM are triples (x ∈ M, y ∈ T x M, z ∈ T * M ) and one has natural local coordinates (x i , y i , z i ), where i = 1, ..., m, (x i ) are local coordinates on M , (y i ) are vector coordinates and (z i ) are covector coordinates. The corresponding coordinate transformations are:
Notice the existence of the global function ev(x, y, z) = z(y) = z i y i , ev ∈ C ∞ (TM ), called the evaluation function (we use the Einstein summation convention overall).
On TM , a tangent vector X and a 1-form a have the coordinate expressions
2)
and a coordinate transformation (2.1) implies the following change of vector and covector coordinates:
4)
The manifold TM has the projections
on M and on the total spaces of the tangent and cotangent bundle, respectively. For any fiber bundle, the tangent bundle of the fibers is called vertical and, usually, denoted by V. On TM , the vertical bundle has the decomposition
where
and have the local bases (∂/∂y i ), (∂/∂z i ), respectively. We also have the isomorphisms
The subbundles V 1 , V 2 are the foliations of TM by the fibers of p 2 , p 1 , respectively, and TM has a multi-foliate structure [10, 14] that consists of the diagram of foliations
where the arrows are inclusions; it will be called the vertical multi-foliation. We denote by χ(TM ), χ v (TM ), χ a (TM ) (a = 1, 2) the spaces of all vector fields and of vector fields in V, V 1 , V 2 , respectively. The fiber-wise infinitesimal homotheties, called Euler vector fields are given by
On TM \ {0}, where {0} denotes the zero section, E = 0 and E is a transversal vector field of the codimension-one foliation defined by ev = const.
Proposition 2.1. The vertical leaves of TM have a natural structure of paraHermitian vector spaces.
Proof. We refer to [6] for para-Hermitian geometry. The last isomorphism (2.6) transfers the metric g and 2-form ω given by (1.1) to a metric and a 2-form on V, also denoted by g, ω, given by
where the coordinates are like in (2.2) (the coordinate characterization of V is
On the other hand, (2.5) defines a product structure F V on the leaves of V, with V 1 , V 2 as ±1-eigenbundles and it is easy to see that (g, F V ) is a para-Hermitian structure on the leaves with ω as fundamental form. Since the leaves of V are vector spaces, we are done. Proposition 2.2. The big tangent manifold TM is endowed with canonical tensor fields ̟, P, Q, S, where ̟ is a presymplectic form of rank 2m, P is a Poisson bivector field, Q is a symmetric 2-contravariant tensor field and S is a 2-nilpotent structure. Furthermore, the triple (S, P, Q) has the following properties:
where flats are the inverses of the isomorphisms onto the image of sharps.
Proof. We take ̟ to be the pullback of the canonical symplectic form of T * M by p 2 , i.e., locally,
̟ is closed and has rank 2m.
The inverse of 2ω along the para-Hermitian leaves of V yields the bivector field 9) which is a regular Poisson structure of rank 2m. The symplectic leaves of P are the leaves of the vertical foliation V.
The inverse of 2g along the leaves of V yields the twice contravariant tensor field of rank 2m
Finally, we define
On the vector (2.2) we get
hence, rank S = m. We also get
Recall that S is a 2-nilpotent structure if S 2 = 0, rank S = const. and the integrability condition
holds, which happens in our case. Properties 1) and 2) follow from the local expressions of the tensor fields. In properties 2) we refer to the isomorphisms
the flats are the inverses of these isomorphisms and the composition makes sense because of the equality of the kernels.
Remark 2.1. Properties 1) are equivalent with
Notice the following relations
and the 2-contravariant tensor field
Proposition 2.3. A big tangent manifold TM is endowed with two canonical, generalized, 2-nilpotent structures.
Proof. We refer to [22] for the notion of a generalized 2-nilpotent structure. The structures required by the proposition are given by the endomorphisms S P , S ̟ : TTM → TTM with the matrix representation
where the index t denotes transposition. Properties (2.12) show that these are generalized almost 2-nilpotent structures. The structures are integrable since the Courant-Nijenhuis tensors of S P , S ̟ , which are defined by a formula similar to (2.13) where the arguments are cross sections of TTM , the brackets are Courant brackets and S is replaced by S P , S ̟ , vanish (it suffices to check on the natural bases).
Now, we will discuss lifting procedures that extend those used for usual tangent bundles. A cross section
has a generalized moment defined by 15) which together with the functions p
Proof. The vector v(X, α), also denoted (X v , α v ), will be called the vertical lift, and it is defined by the directional derivatives
In local coordinates we get
Obviously, the vertical lift is an isomorphism onto the vertical space.
3. Using the vertical lift we get SX = (p * X) v . 4. The vertical lift leads to push-forward homomorphisms
For a given by (2.3), we have
and the following relations hold
where U is (2.14) seen as the homomorphism a → i(a)U (contraction on the first index of U ). 5. The vertical lift extends to tensors like in the case of the usual tangent bundle, but, here, it always leads to completely contravariant tensors.
Proposition 2.5. For any manifold M , there exists a canonical injection c :
, which is compatible with the flows.
Proof. Like in the case of T M , we define the required injection c(X) = X c , called complete lift, by the directional derivatives
This formula shows that c is an injection and that X c is projectable by the three projections p, p 1 , p 2 .
A diffeomorphism Φ of M lifts to TM acting by Φ * on y and by Φ −1 * on z, and a left action of a group G on M lifts to a left action on TM . Calculations similar to those for the tangent bundle show that the flow exp(tX) lifts to the flow exp(tX c ), where X c is given by (2.17) , which is the meaning of flow compatibility.
Proposition 2.6. The complete lift has the following properties: 
be a vector field on the total space of the bundle T M that is projectable with respect to the vertical foliation. The space of functions C ∞ (TM ) may be seen as locally, functionally spanned by functions of the type p *
Definition 2.1. The extended lift X e of X to TM is the vector field defined by the directional derivatives 
Similarly, if
is a vertically projectable vector field on the manifold T * M and if we use functions l Z = y i θ i where Z = θ i (∂/∂z i ), we define Definition 2.2. The extended lift U e of U to TM is the vector field defined by the directional derivatives
The extended lift to TM is given by
Remark 2.4. The extended lift of the complete lift of a vector field of M to T M is the complete lift to TM .
Remark 2.5. The extended lift may be extended to a lift of a projectable cross section of the bundle p
, to a vector field on TM . The vertical bundle of the pullback is the pullback of the vertical bundle of T M, T * M , respectively, the Lie brackets are calculated as if the coordinates z i , respectively y i , were parameters, and a cross section of the pullback is projectable if the Lie brackets with vertical cross sections are again vertical. The local expressions (2.20), (2.21) remain valid, but, in (2.20) 
3 The G-structure theory framework G-structures are reductions of the structure group of the tangent bundle of a manifold to a subgroup G ⊆ Gl(n, R), and G-structure theory is a general framework to study geometry on manifolds, e.g., [2] . The coordinate transformations (2.1) may be interpreted as telling us that TM has an integrable G-structure where G is the following linear subgroup
Accordingly, a 3m-dimensional manifold N with a Bt(3m, R)-structure is to be seen as an almost big-tangent manifold. A characterization of such structures is given in the following proposition.
Proposition 3.1. Let N be a 3m-dimensional differentiable manifold. An almost big-tangent structure on N is equivalent with a triple of tensor fields (S, P, Q), where S is of type (1, 1), P and Q are of type (2, 0), P is skew symmetric and Q is symmetric, and these tensor fields satisfy the properties 1), 2) of Proposition 2.2.
Proof. Seen as a G-structure, the almost big-tangent structure is a bundle of frames (seen as one-line matrices of vectors) with frame changes in Bt(3m, R) and such a frame is of the form (a i , b i , c i ) (i = 1, ..., m). If we define
we get global tensor fields that have the required properties. Conversely, if we have (S, P, Q), we may look at tangent frames (a i , b i , c i ) such that b i ∈ im S and Sa i = b i , then, define c i as follows. Take the non degenerate metric g defined on the subbundle
The metric g is para-Hermitian on V with the paracomplex structure tensor φ = ♯ Q • ♭ P and V is the +1-eigenbundle of φ. Accordingly, g(b i , b j ) = 0, and there exist vectorsc i such that
Finally, define c i = (1/2)(c i − φc i ). These vectors still satisfy (3.1) and yield a basis of the −1-eigenbundle of φ, while b i is a basis of the +1-eigenbundle. Now, we see that, if b i change by A ∈ Gl(m, R), c i change by t A −1 and the whole basis changes by an element of Bt(3m, R).
Definition 3.1. An almost big-tangent structure (S, P, Q) is quasi-integrable and called a quasi-big-tangent structure if there exists a canonical atlas of local coordinates (x i , y i , z i ) (i = 1, ..., m) such that the coordinate expressions of the tensors S and P are (2.11) and (2.9), respectively, and the structure is called integrable or big-tangent if it is quasi-integrable and Q has the expression (2.10).
Proposition 3.2. The Jacobian matrix of a coordinate transformation between maps of the canonical atlas of a quasi-big-tangent structure (S, P, Q) is of the form 
and Q is of the form
If the structure is integrable, one also has ∂ỹ i /∂z j = 0.
implies ∂z i /∂z j = ∂x j /∂x i and the Jacobian matrix has the required form. Furthermore, if we take a general, local expression of Q and ask properties 1), 2) of Proposition 2.2 to hold, we get the required expression of Q. The last assertion of the proposition holds because Q has the canonical expression in both maps iff ∂ỹ i /∂z j = 0.
We recall that, separately, P is integrable if the Schouten-Nijenhuis bracket is [P, P ] = 0, which is equivalent with the fact that P defines a Poisson bracket. If this happens, im ♯ P is an integrable, generalized distribution with symplectic leaves. The converse is also true if the leaf-wise Hamiltonian fields of differentiable functions are differentiable on the manifold. In particular, if rank P = const., P is integrable iff im P is a foliation and P has the expression (2.9) [18] .
On the other hand, the almost 2-nilpotent structure S, S 2 = 0, rank S = const. is said to be integrable if the Nijenhuis tensor is N S = 0. This situation is characterized by Proposition 3.3. A 2-nilpotent structure S of rank p on a manifold N 2q+p is integrable iff E = im S is a foliation, and there are local coordinates (t h , x u , y u ), (h = 1, ..., p, u = 1, ..., q) and independent, E-projectable, local vector fields T h such that
Proof. Formula (3.2) shows that E is a foliation. Then, E-projectability of T h means that E is preserved by the infinitesimal transformations T h and we get N S = 0. Conversely, N S = 0 implies the integrability of E. Put E ′ = ker S.
′ . Hence, if S is integrable, E ′ is an E-projectable distribution and, following [19] , T N has local bases of the following form
This commutation property of vector fields tangent to the leaves of E allows us to change the coordinates s u along the leaves of E by new coordinates y u such that S(∂/∂x u ) = ∂/∂y u . Now, we come back to the integrability of a big-tangent structure and prove the following result.
Proposition 3.4. The almost big-tangent structure (S, P, Q) is quasi-integrable iff the structures S and P are integrable and the P -Hamiltonian vector fields preserve S, i.e.,
The same structure is integrable iff it satisfies (3.3) and there exists a PLagrangian, Q-isotropic, integrable distribution ∆ such that ker S = im S ⊕ ∆.
Proof. By definition, quasi-integrability implies (3.3). Conversely assume that (3.3) holds. Properties 1), 2) of Proposition 2.2 show that im S is a Lagrangian subfoliation of the symplectic foliation of P , where the tangent spaces of the leaves are ker S. Then, a well known result of symplectic geometry (e..g., the Carathéodory-Jacobi-Lie theorem17.2 in [11] ) tells us that there exists an atlas with local coordinates (
Accordingly, there are local, independent, vector fields
, and N S = 0 implies that the vector fields S(∂/∂x i ) commute. Accordingly, there exist new local coordinates y i = y i (x, q) along the leaves of im S such that S(∂/∂x i ) = ∂/∂y i . If we extend our change of coordinates by the transformation z i = η j i (x)p j , we still have P = (∂/∂y i ) ∧ (∂/∂z i ) and we see that the structure is quasi-integrable. For the integrable case, what we meant by P -Lagrangian and Q-isotropic is
If the structure is integrable, we may take ∆ = span{∂/∂z i }. Conversely, by the conditions assumed for ∆, x i = const. along the leaves tangent to ∆ and we may use the Carathéodory-Jacobi-Lie theorem along the symplectic leaves of P to get coordinates y i , z i on them, such that P still has the canonical form, while z i are coordinates along the leaves of ∆. Moreover, like in the ending argument of the quasi-integrability part of the proof, we can arrange all the coordinates such that both P and S preserve the canonical form. Finally, if we ask Q-isotropy of span{∂/∂z i } for Q given by Proposition 3.2, we get Q ij = 0 and we are done.
Remark 3.1. The coordinate transformations of the canonical atlas of an integrable structure (S, P, Q) are not exactly (2.1). The Jacobian matrix shown in Proposition 3.2 shows that they are of the form
These formulas show a locally affine structure on the symplectic leaves of P . The obstructions for an integrable big-tangent manifold to actually be the big tangent manifold TM of a given manifold M are given by the more general theory developed in [17] .
Horizontal bundles and Bott connections
Like for the usual tangent bundle and like in foliation theory, the geometry of the manifold TM may be enhanced by the addition of a horizontal bundle H such that
The first equality (4.1) produces a double grading of forms and multivectors; our convention is that bidegree or type (p, q) means H-degree p and V-degree q. The exterior differential has the decomposition
where d ′′ is the exterior differential along the leaves of V [15] . The second equality (4.1), produces a double grading (r, s) (q = r + s) of the V-degree q, which corresponds to the terms V 1 , V 2 . This leads to a further decomposition of the terms of (4.2). For instance, we get
For a chosen H, a vector X ∈ T x M has a horizontal lift X h defined by X h ∈ H (x,y,z) ,p * X h = X, and T TM has local canonical bases
where t, τ are local functions of (x, y, z). The corresponding dual bases are
A change of coordinates (2.1) implies the following transformation formulas 
Similarly, if the horizontal basis on T * M is ∂/∂x i − τ ij (x, z)(∂/∂z j ), then, formula (2.21) gives the following horizontal basis of the canonical lift
Alternatively, as indicated in Remark 2.5, instead of using the extended lift we may use extensions from the pullback bundles to T. This implies that if coefficients t j i satisfying (4.4) are known, the formula
yields coefficients τ ij that satisfy (4.4), hence, we get a horizontal bundle on TM . Similarly, if we have the coefficients τ ij the formula
completes the construction of a horizontal bundle.
Remark 4.1. In a different terminology (e.g., [3] ), H is called a non-linear connection, t, τ are called the connection coefficients and there exists an equivalent covariant derivative ∇
, which has the local expression
Example 4.1. Let Γ be an arbitrary linear connection on M with local connection coefficients Γ i jk . Then, the tangent vectors of the paths defined in TM by parallel translation of the vector y and of the covector z along paths through x in M span a complement H (x,y,z) of V (x,y,z) . The horizontal distribution obtained in this way has the local bases
The coefficients of this connection are related by (4.5) and (4.6) simultaneously.
Example 4.2. We recall the following classical construction on T M [5, 13] . A vector field
is of the second order because it is locally equivalent with a system of second order, ordinary, differential equations on M . For any second order vector field X , the (1, 1)-tensor field L X S T M is an almost product structure ((L X S T M ) 2 = Id) with the +1-eigenbundle equal to the vertical bundle. Hence, the −1-eigenbundle is a horizontal bundle H X .
Let L ∈ C ∞ (T M ) be a function with a non degenerate Hessian matrix (
defines a second order vector field Γ L , therefore, a corresponding horizontal bundle H ΓL on T M . The extended lift of H ΓL given by Proposition 4.1 is a horizontal bundle H L on TM . Notice that the field Γ L itself is not foliated, hence, it does not have an extended lift.
We can give a TM -version of the notion of a second order vector field of Example 4.2 and say that the vector field (2.2) is of the second order if SX = E 1 , where E 1 is defined in (2.8), equivalently, X has the local expression
Proposition 4.2. For any second order vector field X on TM , the tensor field Q X = L X S ∈ End(T TM ) satisfies the identity Q 3 X − Q X = 0. The −1-eigenbundle of Q X is a horizontal bundle H X with the local bases
Proof. Easy calculations show that the required identity holds on the natural tangent basis defined by (x i , y i , z i ). In particular, Q X (∂/∂y i ) = ∂/∂y i , Q X (∂/∂z i ) = 0 and V is the direct sum of the eigenspaces with eigenvalues 1, 0 of Q X . Hence, if we denote the −1-eigenbundle by H X , the latter is horizontal.
The local coordinate computation of Q X X ′ shows that X ′ is a −1-eigenvector iff it is of the form
therefore, the horizontal lifts of ∂/∂x i , are (4.10).
Remark 4.2. For any choice of a horizontal bundle H on TM , the vector field X = y i X i , where X i is the horizontal lift of ∂/∂x i , is the unique, H-horizontal, second order vector field. 
(T (T M )),
i.e., the coefficients η i also depend on the "parameters" z j ), it has a canonical extension to a second order vector field on TM , which is given by
Remark 4.4. On both T M and TM , the set Q(T M ), respectively Q(TM ), of second order vector fields is closed under convex linear combinations and its geometric interpretation is that of the set of global cross sections of an affine fiber bundle modeled over the vertical vector bundle. In fact, this is an affine subbundle of the affine tangent bundle of the manifold T M , respectively TM [9] . The points of the affine fibers are vectors of the form (4.8), respectively (4.9), where the first term is the origin and the two other terms define the vector from the origin to the point X. The coefficients η i , ζ i are fiber-wise affine coordinates.
Remark 4.5. On TM , we can also define a special class of 1-forms, namely, a 1-form a will be Liouville-related if a • S is the Liouville form λ. Then locally a looks as follows
For the rest of this section we fix a horizontal bundle H. Then, foliation theory offers the following important linear connections. The required torsion condition is equivalent to
and also equivalent to 12) where the horizontal field X is projectable by p.
If D is an arbitrary, linear connection on TM , the addition of the derivatives 
R H is called the Ehressmann curvature of the non-linear connection H.
Definition 4.2.
A connection with no multi-mixed torsion on TM is a Bott connection ∇ that also preserves the subbundles V 1 , V 2 and satisfies the condition
The new torsion condition of Definition 4.2 is equivalent to
Notice that for a V-projectable vector field X, the first equation (4.12) becomes
Proposition 4.3. On TM , there exists a canonical connection ∇ with no multimixed torsion, which depends only on the horizontal bundle H and such that, along the leaves of the foliations V 1 , V 2 , V, this is the flat connection of the affine structure of the leaves.
Proof. Consider the isomorphism S = S| H : H → V 1 and the transposed isomorphism
. Then, add to (4.11) and (4.15) the following covariant derivatives
′ a ∈ ΓV a and pr H * is defined by means of (4.1). The result is a linear connection on TM , which depends only on H. The affine structure of the leaves of V 1 , V 2 , V is shown by the coordinate transformations (2.1) and it is easy to see that the parallel vector fields of this structure are Y Any linear connection D on TM has a well defined deformation into a connection∇ D with no multi-mixed torsion, which is obtained by adding to (4.11) and (4.15) the first equation (4.13) and the derivatives
If D has no torsion, the torsion of∇ D is still given by (4.14).
We also recall the following notion from foliation theory Concerning curvature, we can extend results from foliation theory and we have Proposition 4.4. The curvature R ∇ of a connection ∇ without mixed torsion has the following properties
where X, X ′ ∈ H, Y, Y ′ ∈ V, R H is the Ehressmann curvature of H and the right hand sides are computed by using projectable fields X 1 , X 2 . If ∇ has no multi-mixed torsion one also has
where the indices are like in (4.15) and Y a ∈ V a .
Proof. Since only the point-wise values of the arguments count, we get (4.18) from (4.12) by assuming that X is V-projectable. Similarly, we get (4.19) from (4.15) by assuming that Y a ′ is V a -projectable. 
where all X ∈ H (and projectable when needed) and all Y ∈ V. The same properties hold for the connection with no multi-mixed torsion∇ D defined by the torsionless connection D. In particular, for∇
Proof. The first and second formulas (4.20) are a consequence of (4.18) and of the expression (4.14) of the torsion. The three other formulas follow from (4.14) and the Bianchi identity ( [9] , vol. I)
We give some details for the case where all the arguments are horizontal, while assuming that they also are projectable. Then, the first torsion term of the Bianchi formula vanishes since its first argument is vertical and the second is horizontal. If we use projectable vector fields X, X ′ , X ′′ , the second torsion term of the Bianchi formula must be vertical and, since the curvature term is horizontal, we are done. The same properties hold for the connection∇ 
Metrics and double fields
The general, local expression of a pseudo-Riemannian metric on the big-tangent manifold TM is
where the coefficients
g are symmetric. Besides, we will always assume that the metric has a non degenerate restriction to the vertical bundle V, which implies that the orthogonal bundle H g ⊥ g V is a horizontal bundle and g| H is non degenerate too. Hereafter, always, in the presence of a metric, we will use the horizontal bundle H = H g . Example 5.1. The formula
where g is a pseudo-Riemannian metric on M , D is the Levi-Civita connection of g and Dy j , Dz i are the usual expressions of the covariant differential of a contravariant and covariant vector field, respectively, defines a metric on TM , which is non degenerate on V and will be called the Sasaki metric.
Example 5.2. Let g be a pseudo-Riemannian metric on M , H an arbitrary horizontal bundle and (dx i , θ i , κ i ) the corresponding cobasis (4.3). Then, the formula
defines a metric on TM , which is non degenerate on V and will be called a Sasaki-type metric. In particular, if g ij = ∂ 2 L/∂y i ∂y j , where L is a regular Lagrangian, we get a metric g L .
We recall the following result of foliation theory [15, 16] : Proposition 5.1. Let D be the Levi-Civita connection of g. The corresponding Vrȃnceanu-Bott connection ∇ D defined by (4.13) is the unique connection such that: i) the subbundles H and V are preserved ii) parallel translations along curves that are tangent to either H or V preserve the restriction of g to H, V, respectively, iii) the restrictions of the torsion to H and V take values in V and H, respectively.
Proof. The meaning of the properties i), ii), iii) is
All these equalities follow from the definition of ∇ D and of the Levi-Civita connection D . Conversely, if the previous equalities hold, the trick that gives the global expression of the Levi-Civita connection (e.g., [9] , vol. I) yields
where all the arguments belong to H in the first case and to V in the second case, whence, the required result.
Notice that the restriction of ∇ D to the leaves of V is the Levi-Civita connection of the leaves. The connection ∇ D above will be called the canonical connection of g on TM .
The canonical connection does not preserve the subbundles V 1 , V 2 . Instead, the latter are preserved by the corresponding connection (4.17), which may also be written as
where at least one of the vector fields Z, U is horizontal and a, a ′ ∈ {1, 2}, a ′ ≡ a + 1(mod. 2). The torsion and curvature of the canonical connection ∇ D satisfy the formulas (4.14), (4.18) and (4.20) and these imply corresponding properties for the covariant curvature tensor
where X are horizontal vectors, Y are vertical vectors and Z are arbitrary vectors.) For other identities one needs a horizontal tensor C called the Cartan tensor (a name suggested by Finsler geometry). This tensor is defined by [20] 
where g = g| H is a horizontal metric extended by 0 on vertical arguments. The local components of C are
whence, we deduce that C = 0 iff g is a projectable metric and C is totally symmetric iff, locally (but, possibly, not globally), g is the Hessian of a function "in the direction of V 1 ". The following curvature identities may be proven like in [20] : If non degenerate (which was assumed), the restriction to V of a pseudoRiemannian metric of TM is a vertical metric. Conversely, any choice of a horizontal bundle H with a metric g H allows us to extend the vertical metric g V to the metric g = g H + g V .
Hereafter, all the vertical metrics are assumed strongly non degenerate. In this section we will discuss vertical metrics that are compatible with the para-Hermitian metric of V, where the compatibility condition is like in [23] and comes from generalized Riemannian metrics [7] . The results too are based on these sources.
It is convenient to use V ≈ V 1 ⊕ V * 1 and, correspondingly, write vertical vectors as pairs (Y, a), where Y is the V 1 -component and a ∈ V * 1 is the image of the V 2 -component. Then, the restrictions h = g V | V1×V1 , k = g V | V2×V2 , l = g V | V1×V2 appear as tensors of type (0, 2), (1, 1), (2, 0) of the bundle V 1 .
Remark 5.1. The strong non degeneracy condition means that k is non degenerate and there exists a Legendre-type involution on TM given by (x, y, z) → (x, ♯ k z, ♭ k y).
yields tensor fields h, l, k. Thus, if the Hessian is non degenerate, it defines a vertical metric, which is strongly non degenerate if k is non degenerate. Moreover, if we chose a horizontal bundle H and transfer k to H by (S| H ) −1 we obtain a metric of TM associated to the function K.
Consider the endomorphism φ ∈ End(V) defined by
where g is the para-Hermitian metric of V. The symmetry of g V implies the property
From (5.2) we get the following matrix representation of φ
If φ 2 = Id and, with the same notation, (5.2) and (5.3) imply
In terms of h, l, k the condition φ 2 = Id means
Proposition 5.2. The strongly non degenerate,vertical g-compatible metrics g V are in a bijective correspondence with pairs (σ, ψ) where σ is a non degenerate metric on V 1 and ψ ∈ Γ ∧ 2 V * 1 . Proof. We proceed like in the case of generalized Riemannian metrics [7] . By (5.2), instead of looking at g V , we may look at the corresponding φ ∈ End(V), then, define the corresponding pair by
(the skew symmetry of ψ follows from (5.6)). Conversely, given a pair (σ, ψ), if we take
we get the endomorphism φ and the required metric g V .
Remark 5.2.
A vertical metric g V may be interpreted as a metric on the vector bundle p −1 (TM ) ≈ V and the tensors σ, ψ may be interpreted as tensors of the vector bundle p −1 (T M ) ≈ V 1 .
Proposition 5.3. Let U ± ⊂ V be the (±1)-eigenbundles of the product structure φ that defines a compatible metric g V . Then, U + ⊥ gV U − , the projections pr V1 | U± : U ± → V 1 defined by the decomposition V = V 1 ⊕ V 2 are isomorphisms, and the corresponding pullbacks of the metric σ are equal to (1/2)g V | U± .
Proof. We follow [23] . The first conclusion is a consequence of (5.5). For the second, we first show that
Since g V is strongly non degenerate, we deduce Y = 0. Together with the orthogonality between U ± , this result implies rank U ± = m, therefore, V 2 ⊕ U ± = V and pr V1 | U± : U ± → V 1 are isomorphisms with inverses, say, ι ± . The expression of ι ± was established in [7, 23] and is given by
(Y ∈ V 1 and the pairs correspond to vertical vectors). The last assertion of the proposition is a consequence of this expression.
Remark 5.3. Similarly, one gets
On para-Hermitian manifolds, compatible, generalized, pseudo-Riemannian metrics may be seen as double fields, because of their similarity with the double fields of string theory (see [23] for details and references to string theory literature). This suggests the following definition, which, perhaps, will interest physicists. Definition 5.3. A double field over a manifold M is a pair (H, g V ) where H is a horizontal bundle on TM and g V is a compatible metric on V.
By Proposition 5.2 double fields over M are in a bijective correspondence with triples (H, σ, ψ) where σ is a non degenerate metric on p −1 (T M ) ≈ V 1 and ψ is a 2-form on the same bundle. σ and ψ are called the components of the field.
Example 5.4. Let (M, γ) be a pseudo-Riemannian manifold. The Levi-Civita connection of γ yields a horizontal bundle H γ defined by (4.7) and (H γ , g V ), where g V is a vertical, compatible metric is a double field over M . In particular, there exists a double field with the component σ equal to the transfer of γ to its isomorphic bundle p −1 (T M ) and the form component ψ = 0. The corresponding vertical metric is the vertical component of the Sasaki metric associated to γ and its Levi-Civita connection. The use of double fields in physics requires an action functional deduced from physics requirements, particularly T -duality, which we do not discuss here. Instead, we will define an action that extends the one constructed for paraHermitian manifolds in [23] , which was motivated by the geometry of the double fields theory of physics.
Definition 5.4. A vertical, double metric connection is a connection on the vertical bundle V that preserves the para-Hermitian metric g and the double field metric g V .
Proposition 5.4. A connection ∇
V on V is a vertical double metric connection iff it preserves the subbundles U ± and their metrics (pr V1 ) * σ.
Proof. By (5.5), the preservation of the pair of metrics (g, g V ) is equivalent with the preservation of the pair (g V , φ). Therefore, the eigenbundles U ± and the metrics g V | U± must be preserved too.
Corollary 5.2. The connection ∇ V is double metric iff it is expressible as
where D ± is a pair of σ-metric connections on
Proof. Obvious.
The action of a double field over M will be defined by means of a canonical double metric connection obtained by adapting the construction given in [23] .
Proposition 5.5. There exist invariant procedures to derive double metric connections from the horizontal bundle H and the components (σ, ψ) of a given double field.
Proof. To prove the assertion, we give below one such procedure. We start by transferring the component metric σ of the field to V 2 ≈ V * 1 and to the horizontal bundle H ≈ V 1 . By adding up the results we get a metric g σ on TM and there exists a corresponding connection∇ 
yields a connection on V 1 , which, for Z ∈ V 1 , is just the Levi-Civita connection of σ along the leaves tangent to V 1 . The invariant transformation
, yields a connection that preserves the metric σ along any path (check by a calculation). Then, following Corollary 5.2, we get a double metric connection D 0 on V that corresponds to the pair (D 0 , D 0 ). Now, we add a torsion defined by the field component ψ and define a pair of connections on V 1 by To follow the footsteps of physical double field theory, we have to use a connection that is related to the C-bracket of string theory literature. We will use the metric bracket on V used in [21, 23] .
Definition 5.5. Let g V be a vertical metric and ∇ a g V -metric connection on V. The operation ∧ ∇ is defined by the formula
where all the arguments are in V. The g V -metric bracket is the bracket defined by the formula
The name "metric bracket" comes from the following properties [21, 23] 
(5.9)
The metric bracket leads to new invariants of g V -preserving connections ∇ [23] . 
is the deformed torsion of ∇. The vertical tensor field
is the Gualtieri torsion of ∇.
Proposition 5.6. If ∇ is a g V -metric connection and if we denote
Proof. The first equality follows from the metric character of the two connections. The second follows from the definition of τ ∇ by a straightforward calculation.
Corollary 5.3. The Gualtieri torsion τ ∇ is totally skew symmetric.
Proposition 5.7. There exist invariant procedures to derive a double metric connection with a vanishing Gualtieri torsion starting from the data of a given double field.
Proof. We may use the procedure given in [23] . Change the connections D ± by the transformatioñ
where X ∈ H, Y ∈ V, Y 1 ∈ V 1 . A technical calculation, namely the one made for formula (4.15) of [23] , which uses (5.9), shows thatD ± preserve the metric σ. Thus, the change provides a double metric connectionD on V that corresponds to the pairD ± . Another technical calculation shows that the Gualtieri torsion ofD vanishes if two arguments belong to U ± and the third to U ∓ . Now, denote byΘ,Θ the values of the tensor Θ of Proposition 5.6 for the connectionsD,D whereD =D + Φ for an arbitrary tensor Φ. Then, we get
and there is a unique choice of Φ such that the second term in the right hand side is totally skew symmetric and τD = 0, given by
We regardD as the connection required by the proposition and call it the fieldadapted connection.
SinceD-covariant derivatives in vertical directions work like on para-Hermitian manifolds, we can transfer the definition of the action given in [23] , thereby, keeping close to double field theory. Of course, any possible applications of this result should be decided by physics.
